FIRST ORDER DEFORMATIONS OF PAIRS OF RATIONAL 
CURVES AND QUINTIC THREEFOLDS 



B. WANG 

Abstract. This is one of a series of papers ([3], [4], [5]) that study the pairs of curves and 
hypersurfaces under the same motif: a fundamental property in the first order deformations of the 
pairs (the condition (1.2) below ) has a deep effect on the structure of the normal sheaves of the 
curves in the hypersurfaces. Each paper solves an independent problem with the same condition 
(1.2), which addresses only one aspect of the normal sheaves. In this paper, we let Xq be a specific 
type of smooth quintic threefolds (a generic quintic is this type) in projective space P** over complex 
numbers, which is called a "totally non-degenerated" quintic threefold (see the definition (1.2)), and 
Co an irreducible rational curve on fo . We prove that if the first order deformation of the pair Co , Xq 
exists along each deformation of the hypersurface Xo, i.e. the condition (1.2) below holds, then 

where cq : — ^ Cq is a normalization of Co. 

1. Introduction to the deformation problem. 

We consider the following specific condition on first order deformations of a pair. 
Let Xq be a smooth quintic threefold in the projective space P"* of dimension 4 over 
the complex numbers. Let 

Co : Pi ^ Co C Xo 

be the normalization map of an irreducible rational curve Co of degree d in Xq. Let 
Nco/Xo tie the normal bundle of the normalization which is uniquely determined by 
the exact sequence 

Tpi ^ c5(TxJ ^ iV,„/x„ ^ 0. 

Also let N(j^/Xo be the extension by zero to Xq, of the normal sheaf 'Hom{I/I^, Oco), 
where I is the ideal sheaf of Co in Xq . Let 

be the hypercohomology of the complex Txq Ncg/Xg that represents the tangent 
space to the deformations of the pair (Co, Xq), and H^{Txo) be the space that repre- 
sents the tangent space to the deformations of Xq. 

There is an exact sequence where the hypercohomology fits into, 

(1-1) HHT^o^^Co/^o) ^ HHTx,) ^ H\Nc,/Xo) 



^In case Co is singular, the difference between the normal bundle N^^jxq and the normal sheaf 
Nq^/Xo does not affect this paper. 
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Theorem 1.1. Assume Xq is a "totally non- degenerated" quintic threefold, Cq 
is an irreducible rational curve and cq is the normalization of Co . Then if 

(1.2) (pi is surjective, 



(1-3) H\N,„/xJ=0. 



The totally non-degenerated quintic threefold Xq C P'' is defined as follows. 
Throughout the paper, we always use the same letter /o G iJ"(C'p4(5)) to denote its 
projectivization in 

P(i7"(Op.(5))), 

and 

Xq = div{fo). 

Let Q be the 5-dimensional subspace of -ff'^(C'p4 (4)), that consists of all the quartics 
in the form 

dfo 
dy ' 

where y G ~ T^s is a vector in regarded as a tangent field. So Q is the degree 
4 subspace of the Jacobian ideal J(/o) of /o, 

Q=(J(/o))4. 

Because Xq is smooth, Q is an intrinsically defined, 5-d subspace in iJ*'(C'p4 (4)), 
where the number 5 comes from the dimension of the space {y} = C®. 

Let {uo,ui) e (C^)^. We define a linear map D{uo,ui, fo): 

Q -D("o^iJo) ^5 

9 lor5l"ijr • • , aT o'-^uo 'IT duf, ) 

Definition 1.2. (A totally non-degenerated quinticj. 

Let fo e -ff''(C'p4(5)) define a smooth quintic 3-fold Xq. The quintic Xo is called 
"totally non-degenerated", if there is an (ito,wi) G (C^)^ such that D{uo,ui, fo) is 
non-degenerated. 

Proposition 1.3. The set of all totally non- degenerated quintics is a non empty, 
Zariski open set in the space of all smooth quintics in iJ''(Op4 (5))H 

Theorem 1.1 and proposition 1.3 solve the Clemens' quintic conjecture. 



^ There is a question: are all smooth quintics totally non-degenerated? 
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1.1. A general approach-introduction to "blow-up" polynomials. The 

proof of proposition 1.3 is easy and self evident. We'll leave it at the beginning of 
section 3. In the introduction we are only going to concentrate on the proof of theorem 
1.1. The proof relies on the finding of an invariant, a 5 x 5 linear map A{x,L,fo) that 
hides rather deeply. Thus let's slowly show the way into it. We begin the proof by 
considering the exact sequence 

ffO(Ar,„/p4) 4 ifO(cS(Ar;,„/p4))^FO(0pi(5d)) ^ H'{N,,/Xo) 
which is induced from the exact sequence of bundles, 

(1.5) ^ 7V,„/Xo ^ ^co/p* ^ 4iNx,/P^) ^ 0. 

Then it is easy to see that H^{Ncg/Xo ) = is equivalent to the surjectivity of i^" , i.e. 

(1.6) Imageiy") = iJ°(Cpi (Sd)). 

Definition 1.4. We define 

B — Image{v''^). 



Our proof of the surjectivity of ^ formula (1.6) is unconventional. We use only 
one element in B which is called a "blow-up" polynomial in the order 5(i. This is a 
turning point of the proof: switching the focus from the dimension of B to one specific 
element in B. 

Definition 1.5. a G B is called a blow-up polynomial in the order 5d — n at the 
set of zeros ti, - ■ ■ , t^d-n of a if for any s G H^{Opi {5d — n)), 

sv € B 

where v is in H^{Opi{n)) such that div{v) = div{a) — 
An immediate lemma is that 

Lemma 1.6. If a E B has distinct zeros and it is a blow-up polynomial in the 
order 1 at each zero of it, then a is a blow-up polynomial in the order 5d at the set of 
all zeros of a. 

Proof If (7 is a blow-up polynomial at a zero ti and at a zero t2 (ii ^ ^2), by 
the linearity of B, it must be a blow-up polynomial in the order 2 at the set {ti,t2}- 
Then inductively, cr is a blow-up polynomial in the order 5d at the set of all zeros of 
a. □ 

The surjectivity of v'^ is equivalent to the existence of a "blow-up" polynomial 
in the order 5d. By this lemma it is now equivalent to the existence of a "blow-up" 
polynomial in the order 1 at each zero of a. However there are examples of Co,Xo 
where there are no "blow-up" polynomials in order 5d. Thus formula (1.6) is not true 
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for all Co,Xq. This is where the condition (1.2) comes in. To do that, we consider 
another map (p^: 



(17) Tf,P^ ^ ffO(0pi(5rf)) 

where is the projectivization of i?°(Op4(5)) and F is a fixed universal quintic 
polynomial defining the universal quintic threefold, 

A' = {(x,/)eP^xP^:/(a;) = 0}. 

Next we use the key ingredient of the proof: the condition (1.2), i.e. 02 = 0. If 
(/>2 = (or equivalently (pi is surjective ), for any a S Tf^P^ , there is a < a >G 
iI°(co(Tp4)) such that {a,< a >) is tangent to the universal quintic 3-fold X in 

p4 ^pJV 

i.e. (a, < a >) represents an element in hypercohomology 

m\Tx„ ^ Nc„/Xo)- 
< a > is not unique, but we will fix a morphism 

a — )■< a > 
at one point (co,/o) € M x P-^. Because 

^oi^ + — ^) = 0' 
oa o < a> 



image{(j)^) C image{v^). 
There is another straightforward way to see this. We identify 
(1-8) T^s,]Ua = Ua, 

where Ua is an afEne open set of P^ that contains [/o] as the origin. For any f €Ua, 
~f denotes the vector corresponding to / in the isomorphism (1.8). Then the condition 
(1.2) simply says that 

lies in B because Cq(/) = 

Then this deformation condition (1.2) leads to our final theorem : 

Theorem 1.7. Consider the quintic a;oa;ia;2a;3a;4 where 

Xi eif°(Op4(l)),i = 0,---,4, 

are generic. Then for the totally non- degenerated quintic Xq, the condition (1-2) 
implies that <j)'^ [xoxix^x^xi) is a "blow-up" polynomial in the order 5d in B. 

We found a specific "blow-up" polynomial in the order 5d in B. This completes 
the proof of theorem 1.1. Another expression for (f)'^ {xoXiX2X3xl) is 

<j)^ {xoXiX2X3xi) = c2(a:;oa;ia;2a;3a;4)- 
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1.2. The proof of theorem 1.7— search for a "blow-up" polynomial in 

the order 5d. Wc still have not touched on the key invariant A{x, L, /o) mentioned 
before. We'll introduce it in the proof theorem 1.7. The proof uses two invariants: 
one is a 5 X 5 linear map A{x,L, fo), the other is a subspace of the space of all quartics 
in P^. For both invariants wc assume (/)2 = 0, i.e. is surjective. 
(1) The construction of the 5x5 linear map A{x, L, /o). 

In the case (f)2 = 0, we would like to construct a linear map A{x,L,fo) from 
A special evaluation of quintics 

Choose to be a rank 2 subbundle of Cq{Txo) containing Cq{Tco). If N^^/Xo 
a non-negative summand, E is reduced to this summand; if 

A^co/xo -Opi(fci)eOpi(fc2) 

has no non-negative summand, choose any E in which case E is not unique. Let 
G be a point. Locally we can always have a decomposition 

(1-9) c*oiTx,)\Bo^E\B,®Opi, 

where Bq is an open set of P^ containing the point q. For any P G CQ{TxQ)\q, P\q is 
the number in Opi-summand in the decomposition (1.9). Assume (pi is surjective. 
Recall for any a e Tf^P^ , there is a < a >e H°{cq{Tp4.)) such that {a, < a >) is 
tangent to the universal quintic 3-fold X in 



P4 X P 
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i.e. (a, < a. >) represents an clement in hypercohomology M^{Txo ^Cq/Xq)- Then 
we have a special evaluation map 



T/„P^ C 

a ->■< a > \q. 

The evaluation < a > \q is not unique. But once fo,q are fixed, we shall fix this 
evaluation. 

Definition of the linear map A{x,L,fo)- 

Let X = {xq, • • • , 0:4) be a coordinate's system for C^. Let Wi be the line of (C^)* 
spanned by (eo)* = (1,0,0,0,0)*, and W4 spanned by 

(ei)* = (0, 1, 0, • • • , 0)*, • • ■ , (64)* = (0, 0, • ■ • , 0, 1)*, 

where (cj)* is the dual of under the standard basis eo, • ■ • , 64 for C^. Therefore 

(C^)* = Wi® W4. 

Then (E)a{C^)* has a direct-sum decomposition 

(1.10) 04 (C^)* = (^04W4^ © (^^aWi (8) Wi^ © • • • ® (^(E}4Wi 

Thus for any g G if°(C'p4(4)), there is the decomposition in formula (1.10), 

(1-11) g = go + gi — \-g4{xo)'^, 
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where gi,i ^ A are quartics, but §4 is a complex number. Construct a linear map ipi: 
i7"(Op4(4)) ^ (©4iJ°(Op4(4))©C 



(1.12) 



{90, ■■■,94)- 



Let tjj2 be the map 

(50, ••■,54) {<Lgo>\q,---,<Lg3>\g,g4) 
where L G H°{Opn{l)). Define 

-4(a;,L,/o) := V2 o V'l|Q• 
A(a;, L, /o) has a 5 X 5 matrix representation if a basis for Q is given. A{x,L,fo) is 
a linear map on the degree 4 subspace of the Jacobian ideal of /q. It depends on 0i 
and it isomorphically depends on the afEne coordinates x. 

(2) The construction of a subspace in i?°(Op4(4)). 

For each fixed L,q with L e i?°(0pn(l)), L(co(g)) = 0, let 

Vi,, = {Qe H"{Op.{A)) :< LQ>\ge E\g}. 

Actually if HHNc„/x„) ¥^ 0, Q c Vl^,. 

Now theorem 1.7 follows from the thread of the following propositions: 

Proposition 1.8. Assume 4>2 = 0. If VL,q ^ H^{Op4{4:)), and = div{fo) 
is totally non-degenerated, then for a fixed rank 2 bundle E above, a section L and 
q G div{L), there is a non-empty, open set of the space of all homogeneous coordinate's 
systems for such that if x is in this open set, A{x,L,fo) is non-degenerated. 

Proposition 1.9. Assume (j)2 = 0. If for a rank 2 bundle E above, a section 
L and q e div{L), there is a homogeneous coordinate's system x for P'' such that 
A{x,L,fo) is non-degenerated, then there are two cases: either 

(a) H'{N,^/x,) = 

or 

(6) VL,g = H\Op4A)). 



Proposition 1.10. Assume (l>2 = 0. IfVL,q = II°{Opi{4:)), then 

<j)^{xiX2 ■■■xl) 

in theorem 1.7 is a "blow-up" polynomial in the order 5d. 

Proposition 1.10 proves theorem 1.7. More precisely, if ^2 = 0, three propositions 
1.8-1.10 together always lead to 

if'(iVco/Xo)=0. 

This proves theorem 1.1. 
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1.3. More explanation on the propositions 1.8 1.10 . The logic inter- 
twined in tlie proposition 1.8-1.10 leads to a clear conclusion: if 02 = 0, then 

Proposition 1.10 follows directly from the definitions. Proposition 1.9 is also 
straightforward which follows from the non-degeneracy of a Veronese variety. Even 
though they both have easy proofs, but these two propositions, especially the propo- 
sition 1.9 are crucial in understanding of the proof. They relate the vanishing of 
H^{Ncg/Xa) with the equality Vl^q = iJ"(C'p4 (4)), and then with the degeneracy of 
^(x, L,/o). Proposition 1.8 is rather expected, but is the most difficult to prove. 
For instance, it is true for the generic point ([cq], [/o]) on the Clemens-Katz compo- 
nentlfl Therefore proposition 1.8 reveals the deep truth about the non-degeneracy of 
A(x,i,/o), and propositions 1.9, 1.10 are relatively superficial assertions that reveal 
the contradiction of H^{N(j^/Xo) ^'^"^ t^*^ non-degeneracy of A{x, L, fo). 

The proof of proposition 1.8 uses an important concept of "deformation to de- 
generacy" . This process includes two steps: 

Step 1: Collapse the affine coordinates x, 

Step 2: Re-scale the map A{x,L,fQ) so it becomes finite when the coordinates 
collapse. 

But the objects as the x collapse are not unique. The objects in the limit of our 
degeneracy are collected in the following variety P{U): The subvariety P{U) in the 
product Hz X n2(P^)* is defined by 

P(W)= {{[uo], [wi], [wo], [w,]) e X n(P')* ■■ 

2 2 

wi{ui) = wi{uo) = wo{ui) = 0, } 

Let 

2 2 

be the affine variety whose projectivization is P{U)- 

The linear maps behave in the following way during the collapsing. We let D(^^ i^-^ 
be the linear map from C''' — > C'"^ given by the diagonal matrix whose diagonal is (in 
the order) 

where i is in order i = 0,---,3 and w e n2(^^)*- Then we find another non- 
degenerated diagonal matrix depending on coordinate's system x such that 

o A{x, L, fo) 

has a set of limits ° ^(tto,«i,/o) ^.s the x coordinates collapse (depending on 

(wo, wi, wq, ui) in U). Roughly speaking as the coordinate's vectors of x becomes 

^ It was shown in [2] that by the combination of the arguments of Clemens and Katz, there is a 
component of the incidence scheme that dominates P^, where the rational curves in generic quintic 
threefolds are rigid. 
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linearly dependent in a certain way, all entries of ^(x, L, /g) go to infinity and all 
entries of go to zero, but their product goes to the finite linear map 

-D(,„,L) o-D(„„,„i,/„). 

(re-scaling), where (uq, u\,w) e U. By the definition of totally non-degenerated quin- 
tic Xq, for generic {w,u) € U, 

is non-degenerated if Vh^q 7^ i?°(Cp4(4)). This non-degeneracy at the limit implies 
the non-degeneracy of A{x, L, /o) at generic x. This is the proof of proposition 1.8. 

The logic through the proof of theorem 1.1 Once we get acquainted with 
the invariant A{x,L,fQ), it is easy to see the logic in the proof. We always assume 

(f>2 = and Xq is totally non-degenerated. Then 

(a) For each L, there is a generic x such that A(a;,L,/o) is a non-degenerated 
5x5 linear map (for example, on Clemens-Katz's component), 

(b) H^{Nf.^iXa) 7^ contradicts the non-degeneracy of A{x,L,fo) (for any coor- 
dinates x). Hence H^{Nc^/Xo) = 0- 

The part (a) is proved by using the technique: "collapsing of afiinc coordinates"; 
The part (b) is proved by using the technique: "a blow-up polynomial" . 

In the rest of paper, we arc going to concentrate on proving theorem 1.1. In 
section 2, we give a description of the space B. The main point of this is to have more 
geometric criterion for "blow-up" polynomials. In section 3, we prove propositions 
1.3, 1.9, 1.10. In section 4, we prove theorem 1.1 

2. The image B and a description of "blovir-up" polynomials . 

In this section we describe B. 

By the adjunction formula, we obtain the normal bundle 
(2.1) A/-CO/XO - Opi{k) e Opi(-2 - k), 

where fc > — 1. This isomorphism is fixed throughout. Then it is clear that 

if and if only k = —1. We always choose E C cl{Txo) that is reduced to the summand 
Opi{k). 

Proposition 2.1. 

(1) There are positive integers d\,d2 > d, di+d2 = 5d — k — 2 and 

£i{t) e H"{Opi {5d - di)), £2(0 e iJ°(Opi {5d - d2)) 

such that 

B 
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is the collection of polynomials 

B = {Sih{t) + S2i2{t)} 

for all s, e iJ"(Opi(d,)). 

(2) {h'^)^^{si£i{t) + 52^2 (i)) lies in E at to if and only if to is a common zero of 

Sl,S2- 

(3) A property of the "blow-up" polynomials: 

Assume H^^N^^^Xo) 7^ or equivalently fc > 0. If Lu{t) ^ B is a blow-up polyno- 
mial at the zeros of uji{t) with oji e H"{Opi{n)), then any section in lies 
in E at the zeros of ojxit), and the vanishing order is the same as the multiplicity of 
u)i{t). The converse is also true 

Proof. : is a rank 2-bundle over and its degree is 

Ci(cS(Tp4) ) -Ci{E) = 5d-fc-2. 



Thus it has decomposition 

c*o{Tp.) 
E 



:iiOpi(di)®Opi(d2), 



with di+d^ = 5d — k — 2. Note there are obvious non-zero sections of ^"^^^^^ in the 
form 

*/ ^ 



that vanish at d zeros of Co{xi), where Xq, - ' ' a-re homogeneous coordinates of P^. 
And also because ^^'"^ ^ is generated by global sections, di must be at least d. This 
shows the lower bound for di. On the other hand there is a vector bundle map P 



^ c5(iv^„/p.) 

/3 ^ c*o{^)- 

This map P must be in a form 

/2 2) Opi(di)©Opi((i2) 4 Opi{5d) 

^ ■ ^ {si,S2)\t ^ Si4(t)+S2^2(i), 

for some fixed £i{t) e H°{Opi{5d — di)). Thus the map on the sections 
(2.3) /j-0(£S(^) £; H'^^Opi{5d)) 



has an expression 



'^^{S1,S2) = Si£i 



for Si e H°{Opi{di)). 



(2) It is clear (si, S2) is zero at to if and only if Si,i = 1,2 both vanish at to. The 
proposition 2.1, part (2) is proved. 

(3) This uses "base-point-free-pencil-trick" . In this part. A; > 0. Assume co has a 
factorization: uj = LO1UJ2 where uii £ H'^{Opi{n)). Let 

771 GifO(Opi(l)) 

be a linear factor of oji, i.e. coi = uj[r]i. Choose any generic 

772eFO(Opi(l)). 

Since ?72wiw2 is also in B (because of the assumption), we may let 

for some polynomials A|. Also we have 

rjlLu[i02 ^ X\{t)iiit) + Xlit)i2it), 
for some other polynomials Xj. Hence 

(A?(i)m - xl{t)m)h{t) + {xl{t)m - xl{t)ri2)i2{t) = 0. 

The degrees for the polynomials above are 

deg{li{t)) =d2 + k + 2, deg{l2{t)) = di + k + 2 
(2.4) deg{Xl) = deg{X\) = dui = 1, 2. 

Then by the "base-point-frcc-pcncil-trick" and the degrees for > 0, 

Xl{t)7)i - X\{t)rf2 = 0, Xl{t)m - Xl{t)r)2 = 0. 

Since 772 is generic, by the "base-point-free-pencil-trick" again, 

xlit),xUt) 

both vanish at the zero of 771. By the part (2), 
lies in E at the zero of jji. Similarly, 

lies in E at all zeros of cji. This completes the proof. The converse follows from the 
part (2), then the part (1). □ 

It is important to notice that this description of "blow-up" polynomials in part 
(3) is only valid in the case H^{Nca/Xo) 0- Otherwise any polynomial is a "blow-up" 
polynomial. 
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3. Application of blow-up polynomials . 

In this section, we prove propositions 1.10, 1.9. The main purpose of these propo- 
sitions are to convert original proof of H^{Nc„/Xa) = to the proof of non-degeneracy 
of the linear map A{x, L, /o). The tool for the conversion is "blow-up polynomials". 



Before we do that let's prove proposition 1.3. 



Proof, of proposition 1.3: Under the x coordinates of C'"' , choose uq = (1, 0, 0, • • 

dfo 
dxi ' 



(0, 1. 0, • ■ • , 0) and a basis i = 0, • • • , 4 for Q. Then D{uo, ui, /o) has a matrix 



,0),ui = 



expression 



M{uo,ui) 



014000 



11023000 
|! 032000 

;|r04iooo 
V 4TO50000 



^005000 ^004100 ^004010 ^O04001 \ 

^014000 ^013100 ^013010 ^013001 

^023000 ^022100 ^022010 ^022001 

;|!O32000 ^031100 ^031010 jTO31001 

4TO4IOOO 4TO4OIOO 4TO4OOIO 41040001, / 



where aiQ...i^ are the coefficients of monomial xIq 



in /o. The configuration of 
indexes iq - --ii show the columns of the matrix are linearly independent for generic 
aig...i^. Thus det{M{uo,ui)) is a non-zero polynomial in aig...i^. Then 



U(„„,„,) if"(Op4(5)) - {det{Miuo, ui)) = 0} 



in the space of smooth quintics is the collection of all totally non-degenerated quintics. 

This completes the proof. 

□ 

Proof, of proposition 1.10. If i7^(A^co/Xo) = 0, '^^ surjective. Then all poly- 
nomials are blow-up polynomials in the order 5d. So we assume H^{Ncq/Xo) 7^ or 
fc > 0. Choose generic coordinates a;o, • ■ • , a;4 for C^. Then CQ{xi),i = 0, • • • , 4 would 
have 5d distinct zeros. Notice ^0(2;,) lies in B because it is just 

(f>^{xo ■■■xl) 

where xq - ■ • xl is the vector in Tf^P'^ that is the directional vector of the line through 
/o and xo-- ■X4. Applying the assumption 

to 



L = CQ{xk), for each k = 0, 
and a zero q of CQ{xk), we obtain that 



xo---xi 



lies in E at each zero of CQ{xj),j = 0, • ■ • ,4. Because A; > 0, applying proposition 
2.1, part (3), we obtain that the polynomial Hi Co{xi) must a blow-up polynomial of 
degree 1 at each zero of 
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,4. 



By the lemma 1.6, Yl- Co(a;j) must be a blow-up polynomial in order 5d. We complete 
the proof. □ 

Proposition 3.1. 

Vl.q is a sub space in the linear space i7*'(C'p4(4)). 
Proof. This directly follows from the definition of Vl^q- □ 

Proof, of proposition 1.9. Choose any point q G P^. Suppose 

Then by proposition 2.1, part 3, 

QcVL,qCH"{Op44.)). 

Let X = {xo, ■ ■ ■ ,X4) be affine coordinates for C''. Choose basis quartics Qj € Q,j = 
0, • • • , 4 for Q, according to the decomposition (1.10), it can be expanded as 

(3.1) Qj = {xom + {xonu^) + i^ona^) + xocas:) + ai^), 

where ^j^{x) is a homogeneous polynomial in x = (xi, • • • , X4) of degree 4 — fc. Since 
the linear map A{x, L, fo) is non-degenerated, we can choose five complex numbers 
Cj, J = 0, • ■ • , 4 such that 

3 

for each fixed = 3, 2, 1, 0, but Ylij 0- Because 



4 

9' 



3=0 



Xq must also be in Vt.q. Now consider the Veronese map V4 

(3.2) (P')* ^ P(iJ°(Op.(4))) 

Xo ^ x^ 

whose image is the Veronese variety ([1], pg 25 ). Since Veronese variety is non- 
degenerated, W4((P^)*) does not lie in any hyperplane. Thus 

span{{xt}iau x)) = if°(Op4(4)). 
By proposition 3.1 (linearity of VL,q) , 

span{{xQ}(^aii x)) C VL,g. 

Therefore 

We complete the proof. □ 
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4. Non-degeneracy of ^(a;, L, /o)— collapsing the affine coordinates. The 

central part of the proof is the construction of a deformation of affine coordinates for 
to their degeneracy, i.e. collapsing of the affine coordinates. This is the idea of the 
proof: to show a limit of A{x, L, /o) after re-scaling, as x becomes linearly dependent, 
is non-degenerated. 

Proof, of proposition 1.8. We assume all conditions for the proposition, in par- 
ticular. 

First let's express the linear map A{x, L, /o) as a 5 x 5 matrix. Let 

y = [yo,---,y4] 

be homogeneous coordinates for P^. Define the five quartics 

9yj 

that form a basis of Q. 

We'll fixed y coordinate's system. So five quartics Qj,j = 0, • • • ,4 are also fixed. 
Under the coordinates x and y for C^, the linear map A{x, L, /o) has a matrix repre- 
sentation 



I 



< LQoix) > \g 



dxo 



Xo > \q 
2 



^ r d Qa(x) 2 1 
< ^ 2dxl ^0 > \q 
^ j- d^Qoix) 3 I 



< LQlix) > \g 

^ £ 9Qi(x) 



< L 

< L 



d^Qi(x) 2 ^ I 

d^Qljx) 3 ^ I 
6dx'^ ^0 > W 



< LQ^ix) > \g 

J dQi(x) I 
< ^ dxo ^0 > \l 



\ 



< L 



d'Qi{x) ^2 
2dx'i 



J- d-'Qiix) 3 ^ I 
^ ^ Gdx'i ^0 > \q- 



Thus it suffices to prove that the 5x5 matrix is non-degenerated. 

The first row in A is just 



Aldy.dxr 



0, 



,4, 



that only depends on the 



9 



9x0 ' dyj 



and the quintic Xq . The determinant of the matrix 



■^iL,x,y) continuously depends on the tangent vectors 



i\dxQ 



where L^-^~-Xq € i?°(0p4(5)) are quintics, and ~f is a directional vector of the line 
through the quintic / and /q. Thus it suffices to prove the non-degeneracy of ^(l.x.j/) 
under any one of the pairs of coordinates x, y. In order to do that, we collapse the x 
coordinates. So we would like to know a projective limit of Ai^^ 

XjU^ clS CC coordinates 

collapse or degenerate. The following is how we proceed it. We construct a continuous 
family of the matrices B(^L_g_y) where 6 is in the irreducible variety Vi, such that the 
generic member j,) in this family is a product of a non-degenerated diagonal 

matrix and the matrix A[L,x,y)-, where the x, y coordinates are generic. The advantage 
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of this family B(^L_g_y) is that it has a natural compactification and the matrices g y) 
over some boundary points (L,9(),y) arc finite and computable. This is not the case 
for A(^L,x,v)j which has no obvious (natural) compactification and is not computable, 
(the quintic Xq is not moving in both families, but the tangent vectors of Xq are 
deforming to "degenerated" positions as x coordinates collapse). 

Let's describe the family B(^L,0,y) in an intrinsic manner to see the collapsing of 
X- coordinates. Let uq & C^. Then uq € Tany point{C^) and Qj is a function on C^. 
Thus the ith derivative of Qj 



„ . (uq is a vector field). 
lies in 



H'{OM^-i)) = Sym^-\{C'r), 

where Sym* is the symmetric algebra of a vector space. Let s G (g) (C^)*. Let rjf 
be the linear map 

(4.1) (c'r ^ (c^)* 

a — >■ a{s) 

where a{u iX) w) = a{u)w for s = u ® By the universal bilinear property of the 
tensor product, "qf is well-defined. Then we obtain another map 77! : 

(4.2) Sym^-^iC'T) ^ Sym^-\iC^r) 
h{ai,---,a4-i) /i(?7f(ai),---,J7f(£74-i)) 

where aj G (C^)*. Let L e iJ"(Op4(l)), wq G 7J"(Op4(l)). Using formula (4.2), we 
obtain a family of quintics g(L,s,y, wq)^ 

(4-3) 9{L,s,y,u,o) = ^"l^i — H 

that is parametrized by L,s,y,wo- But the matrix constructed from the evaluations 
of these quintics is not always the desired matrix A(^L_x.y) because s € (C^)* is 
too arbitrary. We need to limit s to a smaller set. Let 

{uo, ■ • ■ , U4) G n c^ {wo, ■■■,w4)e Hic'y 

5 5 

be the coordinates. Later in the proof we'll use Ui, Wi, i = 0, • • • , 4 to indicate which 
copy of or (C^)* we are referring to. Let 

Vi cJlc' xR^c')* 

5 5 

be the sub-scheme defined by 



(4.4) 



Wi{uj) = 0, for all i ^ j 
Wiiui) - Wj{uj) = 0, for i ^ 0, j ^ 0. 
14 



Lemma 4.1. Vi is irreducible. 

The proof of which will be deferred to the end of this section. 



Let 

4 

(4.5) V2 = {^Ui ^Wi-.e^ ((mo, • • • ,'"4), (wo, • • • , W4)) e Vi} 

i=l 

contained in C^(X'(C^)*. Denote the elements in V2 by p{0),6 G Vi (V2 is the collection 
of the desired s). Now finally we obtain that the family (for each fixed i,j), 

(4.6) QiLMn = Lvf\^)iwo)\ I = 0, • • • , 3, J = 0, • • • , 4. 



is a flat family of reducible quintic^ over 



(4.7) e = i7"(e'p4(l)) X Vi x[|c5 



5 

where 



5 

It is important to notice that the parameter space 9 is irreducible. 

Now going back to the original extrinsic matrix Ai^L^x,y): '^6 can construct x coor- 
dinates to recover ^(^ .j. ,^) (depending on the coordinates) in the following way: Given 
a GENERIC 9 £ Vi, 9 = {{uq, ■ • ■ , W4), (wo, • ■ • , W4)), we have a basis {uq, • • • , U4} for 

and a basis {wq, • ■ • , W4} for (C^)* satisfying 

Wi{uj) =0,ij^j 
Wi{u^) = I ^0,1^0 
(4.8) woM ^ 0. 

With the basis uq, • • • , M4, we construct the matrix AL,x^,,yy where are the coordi- 
nates under the basis u. The entries of it, by the definition, are 

where a;„ = (xq, xi, • • • , 2:4) are the coordinates for under the basis w. If we regard 
the coordinates Xi G (C^)*, then by the definition of Vi, 

(4.10) a;, = — ^,i = 0,---,4. 

Wi{Ui) 



* We only need the map 

to be continuous. But the family as a family of hypersurfaccs is automatically flat. 
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Plugging formula (4.10) into formula (4.9), we obtain 

1 



(4.11) 



q{L,0,y,i,j)- 



(see the formula (4.8) for /). Thus the entries of Al,Xu,v 

1 



(4.12) 

Let 

(4.13) 

and 

(4.14) 

We obtain 
(4.15) 



< 



/4-*(«;o(wo))^^^^'''^'''''^ ^ 

bij =< q(L,0,y,i,j) > \q- 



{L,e,y) 



1 ^° 


a ■■■ 


••• a \ 


boo 


boi ■■■ 


■■■ boi 


bw 


bn ■■■ 


■■■ bi4 


b20 


621 • ■ • 


■■■ &24 


\ bzo 


631 • ■ • 


• ■ • 634 / 



det{B^L,e,y)) = I {wo{uo)) det{AL,x^,y). 



(The det{AL., :Xu,y) is infinite if one oiwiiui) is zero). It suffices to show det{B(^i^ g y-^) ^ 
for generic G Vi. To show this, we consider a non-generic member in this family 
B{L,e,y) when the w-coordinates collapse (some Wi{ui) = 0). We define the subvariety 
P(Z})' in the product x n2(P'')* to be 

P(ii)= {{[no], [u,], M, K]) e X n(P')* ■■ 

2 2 

wi{ui) = wiiuo) = wo{ui) = 0,} 
Note 'PiU) is irreducible. Let 

W C J] X ]J(C5)* 

2 2 

be the affine variety whose projectivization is P(W). Now 'PiU) collects non-generic 
members of V2 in the following way: Choose a generic 

(4.16) ((uo, Ml), {wo.wij) e U. 

Let 6*0 = ((wo, Ml, Ml, 0,0), (wq, wi, wi, ^3, ^4)) € Vi. Then 

^(6*0) = 2mi (g) wi e V2. 

Then plugging p{6o) = 2u\ <S> wi to formula (4.6), we obtain that 



(4.17) 



Qieo,L,y,i,j) 



= L- 
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is a section of 

i?"(Op4(5)). 

(notice the quintics q[eo,L,y,i,j) are monomials now). As the generic 9 goes to the 
degenerated 

^0 

the quintic q{L,e,y,i,j) continuously (as points) goes to the monomial 

Thus the continuous limit of BL,e,y is 

S(i, 6*0, y) = D{w, L)D(uq, wi, /o), 
where D{uo, ui, /o) is a 5 x 5 matrix whose first row is 



and fc-th row is 

(4-19) ,_, ,j = 0,1,2,3,4. 



{k-2)\dyjdu'^-'^' 



for k = 2,3,4,5, and D{w,L) is the diagonal matrix defined in section 1.3. If y is a 
coordinates' system for C^, D{uq,ui, fo) is a matrix representation of D[uo,ui, fo). 
Next notice Xq is totally non-degenerated. There are y coordinates such that D{uo, ui, /o) 
is non-dcgcncrated. Next we show D{w,L) is non-degenerated. By its definition, it 
suffices to show 

<L{woy{wi)^-' >Uj^O 

for each i = 3, 2, 1, 0. Notice the projection from U to Y[2{C^)* is surjcctivc. Then the 
genericity of {u, w) €U implies the genericity of w e 112 (^^)*- Using our assumption 

it suffices to prove 

(4.20) span{{iwoy{wi)^-%eU.{c^r) = H\0^.{A)) 

for each i. 

Consider {woY{wiY . Notice the map 

(4 21) «2,2:n2(C^)* "-^^ P(if°(Op4(4))) 

(wo,wi) {wofiw-if 

is the composition of the Veronese map and the Scgrc map (see [1]). By the definitions 
of these maps, its composition yields the non-degenerated image in 

//0(Op4(4)). 
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This proves formula (4.20). 

Similarly, using exactly the same argument with the Veronese maps and the Segre 
maps as above, we prove that 



for all the other i = 0, 1, 3. 

This proves that D{w, L) is non-degenerated. Thus 

is non-dcgcncratcd. 

By deforming {L,6o,y) to a generic {L,9,y) in the irreducible 

{L} X Vi X Jl c e 

5 

(4.22) {L is fixed), 
we obtain that 

is non-degenerated. (Because Vi is irreducible). Then by the formula (4.15), 

c^et(^(L,^„,y)) ^ 0. 
Since u is a generic basis for C^, we proved the proposition. □ 

We conclude the paper with an easy proof of lemma 4.1. 

Proof, of lemma 4.1. Fix bases {aj for and {/3i} for (C^)* such that (3i{aj) = 
for i ^ j and (3i{ai) = 1. Then — > Pi gives an isomorphism 

~ (C^)*. 

Let Vo C rislC^) X rislC^)* be the scheme defined by 

Wi{uj) = 0, for all i ^ j 

(4.23) Wi{ui) — Wj{uj) = 0, for all i,j. 

where 

{{Uo, - ■ ■ ,U4),{wo, - ■ ■ ,W4)) eHiC') xHiC'y . 

5 5 

Then 

Vi n {wo(wo) = wi{ui)} = Vo- 

Thus it suffices to show Vo is irreducible. Let 

U = {{{uo, • ■ • , U4), z{uo, ■■ ■ , U4)) : Ui are linearly independent} 

18 



be the subset of n5(^^) ^ Ilsl*-'^)*' where z is a non-zero constant and z{uf), • • • , U4) 
is an element in Jlsl*-'^)* the isomorphism above. Then the closure U is an 
irreducible variety. It is obvious that 

C/C Vo. 

Let g be any polynomial not in the ideal /vo • It is also obvious that 

{5 = 0}nVo J) u. 

Thus [/ = Vo is irreducible. 
□ 
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